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=l1. A Calculation of the IntegrallV (eq. 8) in Memo TM97-01.

[ Start with a clean slate.
[ restart

=l1.1. Assumptions and Definitions.

Make some reasonable assumptions on the variables we'll be using, in order to help out the
integrator as much as possible. We'll gsestead ofy, sincey in Maple is a reserved
| numerical value.

[ assume0<S 0<g g<lp real <A Q<k @ real f, real)
aboutS,g,pA k 0 f)

Originally S, renamed S~:
is assumed to be: RealRange(Open(0),infinity)

Originally g, renamed g~:
is assumed to be: RealRange(0,0pen(1))

Originally p, renamed p~:
is assumed to be: real

Originally lambda, renamed lambda~:
is assumed to be: RealRange(Open(0),infinity)

Originally k, renamed k~:
is assumed to be: RealRange(Open(0),infinity)
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Originally phi, renamed phi~:
is assumed to be: real

Originally f, renamed f~:

is assumed to be: real

[ For part of the integrand, we need to differentiate the following expression.

S5 w58

mnp

A

Js:=

0
dJs:=—Js
op

S S
co%]l ET[S co%w ET[S g
A A % SE pS g@
- in sin
A A
dJs:=
T
I P np?

dJs:=termfungdJs, factoi

O i N s i

i P mp”
[ The integrand is

integrand:= Js dJsin(k p + @)

integrand:= %in%’%sé_ Sin%’%SQ%
%co%L% co%mé E %S'n%LE+ MEE g@

p

sin(k p+ @)

(1tp)

IIIIIIIIIIIIIIIIII

[ Let's get some idea what this looks like.

F :=fn(integrand go,A,k,S, p
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F:=(g o M\KS P - %in%%%— sin p;? g‘%m
Sﬁ*wsﬁ’%‘? %
Bt sn@"i@

sin(k~ p~+ o)/ (11p~)

dp:=.7 16°

pIoté:El —, 5500 10 ),.1, .6,x%x =—dp .. dp color = blug numpoints= 100, axes= normal

thickness= 2%

\
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* X

-100000

Hmm, this appears to be an odd function, which ought to integrate to zero for integration
limits symmetric aboup =0. Let's expand the terain(k p+ ¢) and consider thsin(k p) and
| cogk p) terms separately.

[ loc :=location(integrand,sin(k p+ @))

subsoploc = expandop (oc, integrand) ,integranil
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EEE
| P R

+
p np?

(sin(k p) cog @) + cogk p) sin(¢)) @ (Ttp)

integrand_s= coeff( %, sin(k p),1) sin(k p)
integrand_c:= coeff(%%, cog k p),1) cogk p)

: HmpS[  mpSg
integrand_s= 5in - sin
A A
pS PSg . pS _HmpSg
SEco + COo g sin + sin
A A A A
0 + cog @)

2
Tp
Sin(kp)é(ﬂp)

integrand_ C_%g E’%S i pSg
| B P

COikp)é(np)

[ Guard against typos...

sin( @)

expandsimplify (ntegrand_st+ integrand_€ integranjl

0
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| Make the two integrand contributions into functions so we can plot them.

Fs:=fn(integrand_s go,A,Kk, S, p
Fc:=fn(integrand_¢ go,A,K, S, p

The argumenk p is mighty small for the numerical values we have to use in order to see the
| "Wiggles", so thesin(k p) term ought to be miniscule compared to¢hgk p) term.

pIota:%l —,5500 10 10) 1 ,.6,x% x=-dp.. dp,axes= normalnumpoints= 100, thickness= 2%

004
ooozf
/\6@06 /\@06 A@e% 2e06A 4e%q 6egé\
\\V/ \\\J/ 0. 022 \\/// \“//
0,004
0.006

pIot%cEl —,5500 10 ),.1,.6,XEX: —dp .. dp,axes= normalnumpoints= 100, thickness= 2%

[\

6008 -4e-06

-100000
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However, notice that th&n(k p) part of the integrand is even, while dw(k p) part of the
integrand is odd. Hence, for integration limits symmetric about zerop#{iep) contribution
| to the integral, despite the overwhelming magnitude ofdke p) term, will vanish.

=l 1.2. Perform the Definite Integration.

(o)
Iv:= F}] integrandd p

—00

1
Iv :=—§k)\ (A tk signun{2 tS— kA) coq @)

=2tk signum{1tS g— kA = tS) cog @) — 2 A Ttk sin( @) signun(1tS g+ kA = T1S)
= A1tk sin(@) signum(2 tS— kA) — 2 A Ttk sin( @) signum(1tS g— kA = 11S)
+2sin(@) S gin(-tS g+ kA —1tS) i+ 2sin(@) S gin(-tSg- kA + IS) 1t
+2sin(@) Sgin(mS g— kA = 1tS) m—-2sin(@) Sgin(mtS g— kKA + tS) 1t

—2sin(@) S gin(tS g+ kA —1tS) T+ 2n2 sin(@) S gsignun(21tS g— kA)

+ 2n2 sin(@) S gsignum(tS g— kA —=1tS) - 2n2 sin(@) S gsignun(mtS g+ kA —1tS)
—2n23ignurr(n8 g- kA +11S) coqd9) S g

—2n23in((p) S gsignum(tS g— kA + 1S) +2n2 signun{2mtS g- kA) cod@) Sg
+2n23ignurr(n8 g+ kA —=1tS) coq ) S g

+2n25ignurr(n8 g— kA —1tS) cog®) Sg-2sin(@) Sgin(-2mtS g+ kA) 1t

+ 2 A ik sin( @) signun(1tS g— kA + 1tS) + 2 A ik signun{tS g— kA + 11S) coq )
+ 2 A ik signun{1tS g+ kA = 1tS) cog @) — A ik signun{2 1S g— kA) coq @)

= A1tk sin(@) signum(21tS g— kKA) —2sin(@) A KIn(TtS g+ kKA —11S)

=sin(@) AKIn(21tS—- kA) —=sin(@) AkIn(21tS g— kA)

+2sin(@) A kIn(tSg- kA +1tS) - 2sin(@) A KIn(rtS g— kA = 1tS)

=2sin(@) A kIn(-tS g+ kA —=1tS) +sin(@) A kIn(-21tS+ kA)

+2sin(@) A kIn(-tS g+ kA +1tS) + 2sin(@) A kIn(-1tS g— kA + tS)

+sin(@) A KIn(-21tS g+ kA) —21‘[2 sin(@) Ssignun(1tS g— kA + tS)

—2n23in((p)Ssignurr(nS g- KA —=11S) - 2sin(@) SIn(-mSg- KA+ tS) 11
+2sin(@) SIn(mtS g+ KA —=1tS) - 2sin(@) SIn(-21tS+ kA) 11

+2sin(@) SIn(-tS g+ kA —=1tS) 11+ 2sin(@) SIn(-tS g+ kA + TIS) 1t
=2sin(@) SIn(mS g— kA = 1tS) 1+ 2sin(@) SIn(21mS—- kA) 1t

=2sin(@) SIn(mS g— KA +tS) i+ 21'[2 sin(@) Ssignun{mtS g+ kA —1tS)
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+2n23ignun(2n8— k)\)cos((p)S—ZnZsignurT(nS g+ kA —11S) coq @) S
+ 2n2 sin(@) Ssignum(2 TS— kA) - 2n2 signun{mtS g— kA —1tS) coq ) S
- 2n2 signun{mtS g— kA + tS) cog @) S—4 A rtk coq @)

+2sin(@) Sgin(2tSg— kA) m—-2sin(@) S gin(-1tS g+ k)\+nS)n)/n2

cos(%)

450multiplications+ 140additions+ 105functions+ divisions

=] 1.3. Simplification of the Result.

[ Well, that's a mess. Let's see how much we can clean it up.

Iv :=colleci(Iv,[ sin(@), cog @), signum Ir] ,factor)
v :%1 KA (211S g- kA) signum(21tS g— kA)
8 T
1kA (S g+ kA —mS) signun(mtS g+ kA —1S)
+4 Tt
1 kA (TS g— KA +T71S) signum(1tS g— kA +1S)
4 T
1 KA (21S= KA) signun{2 1S~ kA)
_8 LI
1 kA (TS g— KA —1tS) signum(1tS g— kA —11S)
4 T
1kA(2mSg- KA)In(2mtSg- kA)
8 2
LKA (TTSg- KA +TtS)In(TTS g— kKA + TTS)
"4 2
1kA(2nSg- KA\)In(-2mtS g+ kA) 1KA(2mS=KA)In(-=21S+ kA)
+8 n2 +8 n2
1kA(TTSg- KA +1tS)In(-tS g+ kA —11S)
4 2
1kA(mSg+ kKA —mS) In(-mtS g- kA + T S)
4 2
1LkA(mMSg- KA—-1tS)In(-mSg+ KA+1S) 1kA(21mS-kA)In(21tS- kA)
"4 2 8 2
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LKA (TTSg+ KA —=1tS)In(TtS g+ kA —11S)
i

4 2
T
1k)\(nSg—k)\—T[S)In(nSg—k)\—T[S)E_ E
- sin(@) +
4 2
T
1 KA (21tS g- kA) signum{(21tS g— kA)
8 T
1 KA (1tS g+ kA = 1tS) signun{mtS g+ kA —11S)
4 1
1 kA (TS g— KA +T11S) signum(1tS g— kA +1S)
+=
4 T
1 kA (2mS- kA) signun(2mtS- kA)
8 LI

1 KA (TS g— KA - TS) signun(mtS g- kA —1tS) 1 K2A°
! . i o)

cos(%)
84 additions+ 248 multiplications+ 22 functions+ 21 divisions

Iv ;= converflv ,abs)

Iv_:glkA(ZnSg— k)\)2+1k)\(nSg+ k)\—nS)2+1k)\(nSg—k)\+nS)2
"Hs nla2nsg-k\| 4 nlnsg+tki-ms| 4 mmSg- k\+mS|
1KA(21S- kA2 1K\ (TS g- KA - 1S)2
_g n|2nS—k)\| _Z n|nSg—k)\—T[S|
1KA(21Sg- KA) In(21S g- k)

8 2
s

LKA (TSg- KA +mtS)In(TS g— kKA +11S)
i

4 2
s

kA (2mSg- k) In(-21tS g+ KA) 1 kA (2mS— kA) In(-2mS+ kA)

2 8 2
T T

1 KA(mMSg- kA +1tS) In(-tS g+ kKA —11S)
4 2
1

1
+=
8

1kA(mSg+ KA -mS) In(-tS g- kA + T S)
4 2
s
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LkA(mSg- KA—-1tS)In(-mSg+ KA+1S) 1kA(21mS-kA)In(21tS- kA)
+— - —

4 2 8 2
s s

KA (mtSg+ kA —mtS) In(tS g+ kA —1tS)
2
T
KA(mMSg- kA\—1tS)In(tSg- kKA —=11S) [ . 1kA(21tSg- k)\)2
sin(@) + B

1
4 2 8 ml2nSg- K|

1
+_
4

LKA (TS g+ KA -1tS)° 1 kA(Sg- KA +1S)° 1 kA (2mS- k)2
—— +— —_——
4 n|nSg+ k)\—TtS| 4 n|nSg—k)\+TtS| 8 n|2nS— k)\|

1KA (1S g- K -1S)? 1K2A°

_ L
4 mmnSg-kh-ms| 2

ECOS( )

kA
Now let's make the substitutios _S
118

coIIec%ub%\ :fnTS ,Iv%[sin, cos Iq %

%11‘3(2115 g- f1S)% 1fS(nSg+ fmS-mS)° 1fS(nSg- fmS+mS)°
- +- +=
8 |2mnsg-fns| 4 |nSg+fns-nS| 4 |nSg- fnS+mS|

1fS(2ns- 9)® 11S(nSg- fmS-ns)?
8 |2ms-fns| 4 |nSg- fnis-mg|
EfS(ZTIS g- fmS)In(2tS g- fmS)

8 L1
+lfS(nS g- mMS+mnS)In(nSg- fmS+mnS)
4 ]
1fS(2nSg- fmS)In(-2nSg+ fmS) 1fS(2nS- fnS)In(-2nS+ ftS)
+§ T +§ T
1fS(nSg- fmS+nS)In(-nS g+ fmS-mY)
_4 T
1fS(mSg+ fmS-nS)In(-mS g- fMS+mS)
4 T
+lfS(nS g- fmMS-1S) In(-tS g+ fmS+1S)
4 T
1 fS(2nS-fnS)In(2mS- fS)
8 T

+1 fS(nSg+ fmMS-7nS) In(ntS g+ fmS—-1S)
4 T page 9




1fS(mSg- fMS-nS) In(mS g- fmS-mnS) Es'n( ) %1 fS(2ntSg- fnS)2
_= i S
4 m ¢ 8 |2nsg- frS|

1fS(nSg+ fiS-mS)° 1fS(nSg- fS+mnS)® 1fS(2mS- fS)
—_— + — ——
4 |nS g+ fnS—nS| 4 |nS g- fmS+ nS| 8 |2nS— fnS|

2
1fS(mSg- fmS-ntS 1
_1fS(mSg )+_f2n52
4 |nsg-fns-ns| 2

ECOS( )

L1 := location % ,coeff(%, sin(@),1))

L, =111

L2 := location %% ,coeff( %%, co{ ¢),1))

L2 =12, 1]

sub30|()L1 =map(X - simplify(factor(x)) ,coeff{ %%%, sin(@),1)),

L2 =map X - simplify(factor(x)) ,coeff( %%%, coq @),1)), %%%)

%hnszﬁg—f|+1fn52|g+f—1|+}fn|g—f+1|52—1fn|—2+f|52
8 4 4 8
—§|g—f—1|fn82—gf52(29—f)(In(n)+|n(S)+In(Zg—f))
1
+Zf52(g—f+l) (In(T) +In(S) +In(g - f+ 1))
1
+§f52(29—f)(In(n)+|n(S)+In(—Zg+f))
1
—ngZ(—2+f)(In(n)+|n(S)+In(—2+f))
1
—Zfsz(g—f+1) (In(7) +In(S) +In(=g + f- 1))
1
—ZfSZ(g+f—l) (In(T) +In(S) +In(-g - f+ 1))
1
+Zf52(g—f—1) (In(7) +In(S) +In(=g + f+ 1))
1
+§f52(—2+f)(ln(n)+ln(8)+In(2—f))

1
+Zf52(g+f—1) (In(T0) + In(S) +In(g + - 1))
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—ifsz(g—f—l) (In(n)+|n(S)+In(g—f—l))%sin((p)+E—gfn52|29—f|
Lin@geioalsinlgofe1| L Sin -2+ 1|2 g-f-1|fn
4 4 8 4

+§f2 nszécos((p)
% .
Ttf S2 sub% =Tt ,coIIect%oeﬂ%ub%'i: Q ,facto%%% S,Zﬁ[sm, cosQ,In] ,factor%
8

gnfsz((—2|g—f—l|+2|g+f—1|—|Zg—f|+2|g—f+1|—|—2+f|+(

(2f-2-2g)In(-g+f-1)+(-2f-2g+2)In(-g-f+1)+(2g-f)In(-2g+f)
+(-2f-2+2g)In(-g+f+1)+(2-f)In(-2+f) +(-2+f)In(2-f)
+(2g+2f-2)In(g+f-1)+(-2g+2f+2)In(g-f-1)+(-2g+f)In(2g-f)
+(2+2g-2f)In(g-f+1))/ 1) sin(g)
+(2|g-f+1|+4af-|2g-f|-2|g+f-1|-2|g-f-1|-|-2+f]) cog@))

_ Check:
o kA
smphfy%ub% =— ,%E— Iv%
S
0

[ v := %%

cos(Iv)

42 multiplications+ 68 additions+ 22 functions+ divisions

Much better. Notice there are baih @ andcosg terms, and that the latter is much simpler in
| form.

Iv_sin:= coeff(lv,sin(®),1) sin(p)

Iv_sin:=§nf$2(—2|g—f—1|+2|g+f—1|—|29—f|+2|g—f+1|—|—2+f|+(

(2f-2-2g)In(-g+f-1)+(-2f-2g+2)In(-g-f+1)+(2g-f)In(-2g+f)
+(2f-2+2g)In(-g+f+1)+(2-f)In(-2+f) +(-2+f) In(2-f)
+(2g+2f-2)In(g+f-1)+(-2g+2f+2)In(g-f-1)+(-2g+f)In(2g-f)
+(2+2g-2f)In(g-f+1)) /) sin(g)

Iv_cos:= coeff(lv,coq @),1) coq @)

Iv_cos:=
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gfszn(2|g—f+1|+4f—|29—f|—2|g+f—1|—2|g—f—l|—|—2+f|)cos((p)

H 1.4. Characterization of thesin and cosTerms.

Ssi s
Let's make the coefficients \CEI: sin(@) andn cos¢) into functions of ¢,f).

nsin((p)s2 _
GS::fn oeffcalgsub -TzQ Jv_sind Q1Hg,f
GC = fn%oeﬂ%lgsub%%z Q Jv_co% Ql% g, f%

Notice that the collection df terms in thesin term make for a very difficult time of keeping
thesinterm purely real. In fact, setting= 0 we haveGS(O, f)

f(=2|f+1]+4a|t—1|=|f]-|-2+F|+ (In(2~F) f = In(=2+ ) f + In(~F) f
-4In(A-f)f+4In(f-21)f-In(f)f-2In(f+1)f+2In(-2+f)+2In(-1-f)f
-2In(2-f)+2In(-1-f)+4In(1-f)-2In(f+1)-4In(f-1))/m)

where it becomes quite clear we're in trouble. There is no real vdlfer ofhich this
expression does not have an imaginary component. On the other hayubténe is
comparatively well-behavectsc(g, f)

f(2|g-f+1|+4af-|2g-f[-2|g+f-1|-2|g-f-1]|-|-2+f])

[ Let's take a look at theosterm for various values @f

cosplot := proc( gvals::list, frange::range )
local p, k;
p:=1[;
for k from 1 to nops(gvals) do
p := [ op(p), plot( G[c](gvals[k],f), f=frange,
color=mycolors[(k-1 mod 10)+1],
thickness=2) |;
od;
plots[display]( p, axes=normal );
end:

cosplof[seqd.1li,i=0..10)] ,-.5 ..2.5
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lots .
P animat

3

16 18 /2 22 24

[ An animation of this is also instructive.
éGC(g, f),f=-5..259g=0..1, color = blug, axes= normalthickness=2,

labels=["{","" ], title = "cosine term)

cosine term

02 04 06 08 1

N [ Hmm, disturbing that it is asymmetric.
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=l 2. Integration Check.

Since both Mathcad 5.0 and Mathcad 6.0 were unable to d\(/) ititegral and therefore provide

an independent check, we should differentiate the integral and make sure we recover the
| integrand. First, do the indefinite integral.

Iv_indef:= F}]integrand dp

Iv_indef:=A - S(21S- kA)

%(2115— kKA)p
@CO (2n;— e CPEA —SiE(ZnS;\ KA) p%cos(cp) +Ci%(2ns)\¢ésin(cp)g

(mMSg- kKAN+1tS) p

>

1
/)\—ZS(1+g)(nSg— kA +TUS)

cog@) + ciE(nS 9~ 4 +1S) p%sin(cp) § A —is

_sfmsez i ens) o :

A
(2 TS+ k)\)E

(2TtS+ kA) p
CO% A “"% 0 (2mS+ k\)p H2nsS+k\)pQ .
_ + &% —Ecos{ Q) - CI%—ESIF\( ®)
(2T1S+ KA) p A A

(TS g+ kA —1S) p E}\
¢

1 @CO% A ’
IN=-—S(g-1) (mS g+ KA\ —1tS
4 (g-1)(mSg m3) (mtSg+ kKA-mS) p

Sg+ kA —-TS Sg+ kA-TS 1

Co%(nSg— kA —1tS) P %
A ¢ H(mSg- kA—-mtS) p
(mSg- kA —mS) —SIE

(mMSg- k\—-1S) p A

ECOS( )
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+CiE(T[Sg— l;\)\—TTS) p%sin((p)g/)\ _,_%13(14.9) (TS g+ k)\+nS)E

%(T[Sg+ K\ +T1S) p EA
co +Q
A (S g+ kA +1S) p

— +S'
(mtSg+ kh+mS) p I A %cos((p)

1
)\+ZSg(2nSg— k)\)E

~ CiE(nS g+ l;\)\ +TS) p%sin((p)

_ CO%(ZHS g)\— kA\)p —(p%%

(2mSg- kA)p

(2mSg- k\)p
A

_S'

ECOS( )

CO%(ZHS g+ K\ p +(p%

2mS g- kA 1 A
+CiE( I g)\ )pésin((p)E/A—ZSg(ZHSm k)\)@ (21S g+ K\ p

+Si%~ (2nSg}\+ k)\)lo%cos((p)—CiE(ZHS(‘j\+ X p%sin(cp)@)\

2 %} sinkp+¢@) 1cogkp+q)

2 2R 2 kp

1 1
+§Si(—k p) coq ®) _ECi(k p) Si”(@)%

2 (2tS+ kA) p

+
NI

(2mtS+ k)\) p

%S%(ZHSA&E S(<p)—— %M%in(w)@(m)—i(zns— k1)2
@ E(Zns k\)p EA CO%(ZHS)—\ k)\)p_(p%

(25— kN2 2 "2 (211S- K\) p

1 21S- kA 21 S—- kA 1
—ESi%(n)\—)pE o) +— C%(n)\—)pésin((p)é(n)\)+§
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) E(Tth+ kKA —=1tS) p EAZ
sin » +@

2+ 1
(mS g+ kA\—1S) = > 2
(mMSg+ kA—1tS)" p

%(T[Sg+ kKA —1S) p EA

co +@

1 A lS' (mSg+ kA\—-11S) p
i

"2 (Sg+ kKA-TS) p 2> A Ecos((p)

—icﬁ(nsw KA - mS) p%sin((p) (n)\)+$(n8 g- KA +11S)2

E(nSg kA +TtS) p E*Z (TS g—- kA +1S) p %A
sm - co -

A
2 (mSg- kA\+1tS) p

(1S g- kA +11S)° p?

(TS g- KA\ +7S) p

1
cog@) + CE A (@) (TtA) =2

_éslﬁ(ns g- kKA +11S) p%

E(T[S g+ KA +1S) p %2
sm +@

(mS g+ k)\+TtS)2p2
(TS g+ KA +1TS) p EA

co +Q

1 A 1 O (mtSg+ kh+mS) p

- +—Si coq @)
2 (mSg+ K\ +11S) p 2 A

(S g+ KA +1S)° B>

—éc@(nsw L) p%sin((p) (m)—i(ns g- ki - 11S)?

smE(nSg K\ -7S) p (p%g lCOSE(HS@J—l;j\—ﬂS)p_(p%x

2 (TS g- K\ - TIS) p

(1S g- KA - 1tS)° p°

1 Sg- kK\—-TtS S KA - TtS 1
—ESiE(n J x I )pécos((p)+ CIE(T[ & x L )pﬁsin((p) (n)\)+z1

) E(ZHS g+ kK\) p %2 %(2118 g+ kA\) p E%
sin +@ co +@
1 A 1 A

(2ms g+ k) 2 22 2 2711S g+ K\
(2mS g+ k)2 p (2mSg+kA)p
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1.0 (2mSg+ K)p 1 _[d@nsgrkp[ 1
Lof IS Ao e,

lsinE(ZHSg;— KA) p _(p%xz 100%(2n8i_ k)\)p—(pék

(2mSg- k) 2 22 2 2711S g— K\
(21S g- KA)?p (2mSg-kA)p

—iSiE(ang)\_ kA)pEcos((p)+$CiE(2nSi_ kMp%sin((p) (MA)/

cos{ %)

598 multiplications+ 134 divisions+ 233 additions+ 94 functions

[ Now differentiate this wrp.

J
— lv_indef
op ~

inE(z nS)—\ k\) p _(p% i, %(2 ns)—\ k\) p _(p@x

A S(21S- K\) + .
P (211S- k\) p

sinE(ZT[S; kA) pécos((p) . E(Z ns)—\ kA) p Esin((p)
+
p

P

A-—S(1+
4 S(1+9)

'nE(nS g- I;\)\+T[S) p_(p% co%(ns g- I;\)\+T[S) p—(p%A

(mSg- kA +mS) + >
P (mMSg- kA+1S) p

sinE(nSg_ l;\)\+ns) p%cos((p) co%(nsg_ l;\)\+ns) p%sin((p)

— + )\_

p

p
C[(2TTS+ kA) p E (2TTS+ kA) p EA
sm%—)\ +Q co%—)\ +@

(21S+ kA) + >
P (2Tt S+ kA) p

sinE(ZHS; kA) pécoq(p) _ . %(2 nS; kA) p Esin((p)
p

P

NN
()]

A-7S(g-1)
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+
P (S g+ kKA -TtS)

Sin%(ns g+ kA —11S) p%cos((p) . (TS g+ kKA —11S) p%sin((p)@

nS g+ kKA —-TS) p nSg+ kKA -mS) p
ESi E( A ) (PE CO%( A ) ([)E)\
(mS g+ kA —mS)

A A
p

A+—S(g-1
p (g-1)

©

+
P (MSg- kKA -TS)

 [(tSg- kA-TS) p (1S g- kA-mS) pHl .
sin cog@) co in(Q)
E E % @U\+18(1+g)

A A

- +

p p

] E(nSg+ kKA +1S) p E (MS g+ kA+TS) p %
in X +@ co X +@
(mS g+ kA +1S)

+
P (mS g+ kA +1S) p2

sinE(nS g+ kA +11S) p%cos((p) co%(ns g+ kA +11S) p%sin(cp)@

)\18
4=
49

A A
p p

. (2nSg kK\) p (p% CO%(ZHS?\— k)\)p—(péx
(2mSg- kA)

+
(2TS g- KA) p2

Sin%(ZnSi— k)\)pécos((p) CO%(ZnSi— k)\)pésin((p)é )
+

A-—Sg
p p 4

2mS g+ k\)p 2mS g+ k\)p
(2mS g+ k\)

+
P (271S g+ K\) p2

[ R

P p
N %ﬁin(k P+¢) 1sinkp+g) 1sin(kp)cogy) 1 codkp)sin(g) E

k2 p3 2 p 2 p 2 p

- +
T
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(21S+ k)2

C[H(2TTS+ kA) p EAZ [(21tS+ kA) p E
sm%—ﬂp n%—ﬂp
A A

Y

SI
1
i
(21S+ kA2 p° 2

sin (ZHS;\- k)\)pﬁcos((p) X o (ZHS;\- k)\)pﬁsin((p)

1
- _— A _—
2 p 2 p (reh) 4

C(2mS- kA p > [(2mS-k\)p
sin - sin )
A 1 A
L1

2

(21S- kA2 p°

p
[(21S- K\ p (2mS-k\)p[ .
2

(21S- k\)?

2 p p (TtA) 2
 H(mSg+ kA -mS) p 2 (S g+ kA-1S) p
in N +Q LS N +@
(1S g+ kA - 1S)° +=

(mS g+ k)\—nS)2p3 2 P

) sinE(nS g+ kKA —1S) p%cos((p) . co%(ns g+ kA —1S) p%sin((p)

A A
-= - (TIA) +=
2 p 2 p 2
_ E(nSg—k)wnS)p %2 _ E(nSg—k)\HTS)p E
in X - sin A -
(1S g- KA +tS)° TR
(mMSg- kKA\+1tS)" p b
sinE(nS g- kKA +11S) p%cos( | CO%(T[S g- kKA +T1S) p%sin( )
1 A ¢ 1 A ¢ 1
—_— +— (T[)\)—_
2 p 2 p 2
. E(HS@H KA\ +1S) p %2 . E(TISQ+ K\ +7S) p E
in » +@ sin > +Q
(mS g+ k)\+nS)2 > +§
(1S g+ KA +11S)° p° P
sinE(nS g+ kA +S) p%cos( | co%(ns g+ kA + T1S) p%sin( )
A A A ¢ 1
-5 -= (TA) -=
p 2 p 2
: E(TISQ—W\—HS)IO %z : E(HSg—kA—TIS)p E
in x - sin X -Q
(mSg- k)\—TtS)2 > 3 +§
(NS g- kKA -1S)“p P
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sinE(nSg_ KA - 1S) p% coq ) 1 co (S g- l;\)\—T[S) p%sin((p)g 1
- + o (TA) +5
p p 0 4
mE(ZHS g+ kK\) p (p%%z SinE(ZHST K\) p . %
(27S g+ KA)2 += -
(21S g+ kA2 p° 2 P
CH2TmS g+t k\)p (2tSg+ k\)p[ .
R i e T e i
-= -= (TA) ==
2 p 2 p 4
- H(2nSg-kA\)p 2 - H(2mSg- kA)p
) 'nE A _(pEA 1 S'”E A _@E
(2mS g- kA) +=
(2nsg- k)p° 2 P
- H(2nSg- kA)p (2nSg-kK\)p[
R i it eI e
- +- (MA)gm
2 P 2 p

cos{(%)

606 multiplications+ 175divisions+ 249 additions+ 102functions
[ This had better be equal to the original integrand.
I expandsimplify €6% - integrand)

0

Whew. However, this means only that Maple is able to successfully differentiate the result of an
integration. It does not necessarily mean the integration was correct, though it increases that
| probability.

=13. Another Approach to Evaluating the Integral.

=] 3.1. Simplification of the Indefinite Integral.

Start with the indefinite integration result and then insert the limitg. féfirst, let's simplify
the form of the indefinite integral result. Recall that the indefinite integral from the last
| section is

Iv_indef:= collect(Iv_indef,[ sin(®), cod @), p, A, g] ,factor)

1 nSg- kh—-1S nSg+ kA —-1S
Iv_indef:=%~§k2%0i%( J * )p%zcﬁ( J A )pﬁ
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—ZC%(T[S g- I;\)\+nS) pE+CiE(2nSi+ k)\)pE+Ci (21‘[3; k)\)pé

H(Z2mS+ kA) p (TS g+ k)\+nS) p
+C'f—)\ E ZCE E 4 Ci(k p)

+Cé(2T[Sg k)\)lo%A / % SKE:E(nSg K\ +TS) pE

+Ci§(n8 g+ I;\)\ mS) p%_ CIE(HS g+ l;)\+n8) p%_ QE(HSQ I;)\ nS) p%

[(21S g+ kA 2mS g- kA 1
+Ci§( i )pE—CiE( i )p%g/n—zs k%

CiE("S g- l;)\+nS) p% CE(T[S g+ kA - S) p% CE(ZT[S)\&E
E(HSQ K\ —TTS) p% %ME E(ns g+ K\ +T1S) p%n%
ESM((P)+% % %M + 4 Si(k p)+ZS|E Sg- I;\)\ mS) p%

2SE(TTSQ kh +TS) p (S g+ k)\+ns) p%
- 2Si

+ 2 Si

:
—ZS.E(”S‘J”‘A mS) p% S'E( nS g+ kA)|OE E(zns— k)\)pE
A

+Si%(2n8g3\ k7\)p%A / 2 %SK%E(HSWTHTS) p%

_Si%(ns g+ I;\)\—HS) pE_SIE(HSg l;)\ mS) p% SIE(nSg I;)\+T[S) p%

[(21tS g+ kA 2mS g- kA 1
e L TR s

—SiE(nS g- l;\)\+n3) p%_ SiE(ns g+ l;)\—T[S) p%_ Si%(an; k)\)pE
—Si%(ns g- l;\)\—T[S) p%+8i (21‘[3; k)\)pE_SiE(nS g+ I;\)\+T[S) p%“%%

1 MTSg- pkA+pmtS—-@A
COS((P)—gk%Zco P g= p " P @ E

%ang+ pk)\+an+<p)\E %pnsg—pk)\_png_(p;\é
—-2co +2co
A A
2pTS- pKA - @A pTIS g+ pkA —pTIS+ QA
+co A +2co .
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2pTtS g+ pk)x+(p)\% %2pn8+ pKA+@A
+ Co

A
2pmtSg- pk)\ (p)\%A /(

E—4608(k p+o)

%4 sin(k p+ @)

+CO

:

EanS pk)\ (p)\% _Eang+ pPKA\ —pTtS+@A
- sin + 2 sin

. EPHSQ‘ PKA-pTtS-0QA
- 2sin
A
) Eang+ PK\N\+pTIS+Q@A
—-2sin \

% ] Eang—pk)wan—(p)\
+ 2 sin

% _ EanS+ pkA+@A
+ sin

E

A

:

A

E

A

) EanSg— pK\—@A
—-sin X

kA
Once again, we make the substituli@n—s. Additionally, we make the substitutign=—-
Tt

Q replace® as our independent variable. Here is a procedure that does the substitutions in

| the function argumentsi@, cos Ci, Si).

coIIectEsub%\ Qf

frtsS

E ] EanSg+ pkA+ @A
+ sin

@2%/ (nz o)

A

_T kK=—1Iv mdei@[s Q sin, cos Sj Cj factor%
p

%f(g—f— 1) CiE(nSg_ f::_ns) Q

(TS g+ fmS-1S) Q

E

1
—Zf(g+f—1) CE

E Lite2g )CE(ZnSg+ ftS) Q

nS mS
_gf(_2+f)CE(2ns]—T;nS) QE L Z)CE(ZHS;;T[S) QE
+%1f(f+1+g)C|E(T[Sng f:SSHTS) QE f Ci(Qf)
+;f(29 f)CE(ZHS g- ftS) QE Lig-f+1) CIE(HS - f:SSHTS) Q

sin(cp)+%~ f(g+f-1)Si

E(ns g+ fmS—-1S) QE

1 Hd2ms g+ ftS) Q 1 ~ H2mnS-fnS) Q
—8f(f+29)S|E S E+8f( 2+f)S|E s E

1 H2nsg- fmS) Q 1 ~ H(mSg- fmS+mS) Q
—8f(Zg—f) SIE S E+ f(g-f+1) SIE S

1 (IS g+ fmS+1S) Q (2tS+ ftS) Q
+4f(f+1+g)S|E s E —f(f+ 2)SE S
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12 I
+2f Si(Qf) 4f(g f 1)8%

(MS g- fmS-1S) Q

S

o) +

3,

@mSp
1 E)ns g+ pftS— pntS+ %Q
-—fco
4 mSp

] S

—%pns g+ pfmS+ L pEQ

N Q
-—fcog]

[ mSp

] mnsS

—%JT[S g- pfmS- pnS- ¢ pEQ
1 Q
-—fcog7
4 O nSp

] emSp

P pnS- pfS- 9 Q 1 priS+ pfriS+
—-—fcog] -—fco

] Sp 8 Sp

S
1 1 %ang— pfnS—(pQ pEQ
+—fcodQf+@)—-—=fco
> {Qf+q) 3 1Sp

] emSp [

—%Jns g- pfmS+ pniS- Q H
1 H Q O°H
+—fcog] N
4 L] nSp L

] emSp_ [

—%JT[S g+ pfmtS+ pntS+ Q H
+—fcosT — + in(Qf+
4 foos nsp e sin(Q f+ o)
1 E%pns pfnS— E
+—sin
8 [ S

:%) Sg+ pfmS- S+ mSp :Q:

- Tt Tt HO H
1 [ g+ p p Q O°F
——sin ]

4 O mSp ]

:%) S msS S (anp;Q:

| Tt - - p1ItS-—- 00 Y
1 [ g-p p Q oO°H
+—sinJ ]

4 [ mSp ]

:%3 s s s (anpZQZ

D 1T - + pTIS- 00 4
1 [ g-p p o O°H
——sin N
4 [ mSp ]
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@mSp
%JnSg+ p ftS+ ptS+ 9 EQE

1 H
+—sing
4 [ mSp
] S S
1 :%2an+ pr[S+(pQ pEQE 1 E%ang— pfnS—(p 9 pEQE
——sing +—sin
8 [ nSp
:%ang+ pr[S+ EQ% E
1 . O /Q
——sin
[ nSp

I collec{termfund % ,factor) ,[ S, Q sin, cos Sj CJ ,factor)
1 1
%Zf(g—Hl)Ci((g—Hl)Q)+5f(29—f)Ci((29—f) Q)
+§f(f+1+g)Ci((f+1+g) Q)—éf(f+2)Ci((f+2)Q)
—%f(—2+f)Ci(—(—2+f)Q)—éf(f+Zg)Ci((f+Zg) Q)
1 . 1 . 12
-—f(g+f-1)Ci((g+f-1)Q)+—-f(g-f-1)Ci((g-f-1) Q) +—f Cl(Qf)E
4 4 2
. 1 . 1 .
S|n((p)+%gf(HZg)Sl((f+Zg)Q)—Zf(g+f—1)Sl((g+f—1)Q)
—if(g—f—l)Si((g—f—l)Q)—éf(HZ)Si((f+2)Q)
+§f(f+1+g)Si((f+1+g)Q)+if(g—f+1)Si((g—f+1)Q)
—Ef(Z -f) Si((2 —f)Q)—Ef(—2+f)Si((—2+f)Q)+Ef28i(Qf)Ecos( )+E
8 g g 8 5 ¢
—éfCOS(—ZQ+Qf+<P)—§fCOS(29Q+ Qf+<P)—§fCOS(29Q—Qf—<p)
1 1 1
+§fCOS(Qf+<p)—ZfCOS(9Q—Qf— Q—cp)+;1f605(gQ+ Qf+ Q+o)
1 1 1
-ZfCOS(gQ+ Qf- Q+<p)+ZfCOS(gQ-Qf+ Q—cp)—gfcos(ZQ+Qf+<p)@Q
1 1 1
+%§sm(29Q+ Qf+<p)—zsm(gQ+ Qf- Q+<p)+Zsm(gQ—Qf— Q-9)
1 1 1
—Zsin(gQ—Qf+ Q—cp)—gsin(—2Q+Qf+<P)+Esin(Qf+<p)
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1 [OSR 2
~ZSiN2Q+Q+ ) +2si2g Q- Q- 0) +-si(g O+ Qf+ Qr @)/ Q2

B [ Iv_indef:= %

=] 3.2. Substitution of the Integration Limits into the Indefinite Integral
Expression.

[ Now do the integration limit® = —c t0 Q = .

I1:=collec{ Ilim Iv_indef,[ sin, cos 1T, f])

Q- (-x)
11 %l i f+2 +:L i f+1+ +:L i 2+f
= — signu = signu — signunf -
1659 n(f+2) g Si9 n{ 9) 1659 un{ )
+} [ f+1 +} [ f L f-1 L 2 f
83|gnun(g ) 4S|gnun() 83|gnun(g ) 16s,lgnun( g-f1)
1 1 2 (2 1.
—gSlgnun(g+f—1)—ES|gnun(f+Zg)E f +E~§S|gnun(—2+f)
1 _ 1 _ 1 :
+§(1+S|gnun(29—f))g—§(1+3|gnun(g—f+1))g+§(1+3|gnun(g—f—l))g
1 _ 1 : L ,
—§(1+S|gnun”(g+f—1))g—§(1+3|gnurr(f+29))g+g(1+3|gnurr(f+1+g))g
1 1 1
—§S|gnun(g—f+1)+§S|gnun(f+1+g)—5S|gnun(g—f—1)
1 1 : 1
+§S|gnun(g+f—1)—gSlgnun(f+2)ESsznsm((p)+%gygnun(g—f—l)
= f +i i f+2 +i i f+2 L 2g-f
4S|gnun() 163|gnur1( g) 163|gnur1( ) 16s,lgnun( g-f1)
1. 1 . 1 1
+§S|gnun(g—f+1)+§S|gnun(g+f—1)—gSlgnun(f+1+g)+ES|gnun(—2+f)
2 1. 1. 1
52f + 55|gnun(g+f—l)—5S|gnun(g—f+1)—gsngnun(g—f—l)
1 1 1.
—gSlgnurT(g—f+1)g+g$|gnun(g—f—1)g—gSlgnun(f+1+g)g
1 1 1 1
+§S|gnun(f+ 29) g+53|gnurr(f +2) +5S|gnun(g +f-1)g —§S|gnun(—2 +f)

—ésignun(f +1+9Q) +§signun{2 g-f) gészféncos((p)

I 12 :=collec{ lim Iv_indef,[sin(®), cog @), 1,f])
Q-
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1 1 1
12 := %signun{g - f-1) ——signun{f) + — signun{(f + 2) + —signun{f + 2 g)
4 16 16

s 2+f P f+1+ = f+1 +i' 2g-f

16:3|gnun( ) 8:3|gnun( g) 8S|gnurr(g ) 16:3|gnun( g-f1)

1. 2 2 1. 1 :
+§S|gnun(g+f—1) =+ §S|gnun(f+1+g)+§(—1+3|gnun(g+f—1))g
1 1 : 1
+§S|gnurr(g—f+1)+§(—1+S|gnun”(f+29))g+§S|gnun(f+2)

1 _ 1 :
—g(—1+3|gnun(f+l+g))g+5(—1+3|gnun(g—f+1))g

1 , 1 1.
—g(—1+ signum(2 g - f)) g+§S|gnurT(—2+f) +§S|gnun(g -f-1)

1 1 : :
—§S|gnun(g+f—1)—g(—l+S|gnun(g—f—1))gESZfEnsm((p)+%

L f+1 +1' f-1 L 2+f e f+2
8:3|gnun(g ) 8S|gnurr(g ) 16:3|gnun( ) 163|gnurr( )
1 1 1. 1.
+—signun{f + 1+ g) ——signun{g + f— 1) — — signun{f + 2 g) +— signun{f)

8 8 16 4

1 2 12 , 1
+ES|gnun(Zg—f) f~+ S|gnurr(g—f+1)g+2—35|gnun(f+1+g)g

1 1. 1 1
—§S|gnun(g—f—1)g+53|gnun(f+l+g)+§S|gnun(—2+f)—5S|gnun(29—f)g
1 1 1.
+§S|gnurr(g—f+1)+§S|gnun(g—f—1)+§S|gnun(g+f—1)

1 1 1
—gsignun(f +209) g—gsignur‘r(f +2) —5signun(g +f-1) gﬁszféncos((p)

[ We obtain the result

Iv2 :=collecf(algsubsk A = tf S simplify(12 - 11)),[ S 11, sin, cos signurh,factor)
1
Iv2 := %f (f+2g) signun({f+29) +§f (f+2) signun(f +2)
1 : 1 :
+Zf(g+f—1) S|gnur'r(g+f—1)+Zf(g—f+ 1) signum(g-f+1)

1 1
—gf (=2 + 1) signum(-2 +f) —gf (2g-f1)signun{2g-")

1 1 1
—Zf(g—f—l) signuMg—f—l)—Zf(f+1+g) signun(f+1+g)—§f|f|ésin(cp)+
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1 1
%gf(HZg) signun{f +29) —gf(f+2) signun(f + 2)
1 , 1 ,
—Zf(g+f—1) S|gnurr(g+f—1)+:1f(g—f+ 1) signum(g—-f+1)
1 : 1 :
—gf(—2+f) signum(-=2 +f) —gf(Zg— f) signun{2g - f)

1 1 1
—me—f—Ds@mmm—f—U+ZfU+1+ms@mmﬁ+l+m+£ﬂﬂ%mqmﬁ

i nd
%
conver%r ,absg
&
%fﬁ+zgf 11(1+2)% 1f(g+f-1)° 1f(g-f+1)° 1f(2+D°

[f+2g] '8 [f+2| "4 |g+f-1] 4 M—f+ﬂ 8 |2+

11(2g-1° 1f(g-f-1)° 1f(f+1+g)° 11(f+29)°
S T B ‘ﬂﬂ in( ) +
|2g-f| 4 |g-f-1| 4 [f+1+g| h+2d

_gfu+2f_1fm+f—n2+1fm—f+n2_1fp2+n 1f(2g-1)°
[t+2| 4 |g+f-1] 4 |g-f+1] 8 |-2+f] 8 |2¢g-f

_gfm—f—n2+;fﬁ+1+gﬁ
lg-f-1] 4 |[f+1+g|

L)1 kogo
2
L1 :=location % ,coeff( %, sin(@),1))
L1 =[1, 1]
L2 := location %% ,coeff( %%, co ¢),1))
L2 =[2,1]
sub30|()L1 =magx - simplify(factor(x)) ,coeff( %6%%, sin(),1)),

L2 =map x — simplify(factor(x)) ,coeff(%%%, cog ©),1)), %%%)

%ﬂf+2d+lﬂf+ﬂ+}ﬂg+f—ﬂ+lﬂg—f+ﬂ—lﬂ—2+ﬂ—ﬁzg—ﬂf
8 4 4 8 8

—ﬁg—f—1h—lﬂf+1+d—1ﬂﬂﬁgm¢y+%E#h+2ﬂ—1ﬂf+ﬂ
4 4 2 8 8

—1f|g+f—1|+1f|g—f+1|—1f|—2+f|—1|29—f|f—1|g—f—l|f
4 4 8 8 4
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+1ﬂf+l+ﬂ+1ﬂﬂéaﬂw)
4 2

8% .
nfszcollect%T,[S|n, cosf,g] %
- 8

|V=§nf52((|f+29|+|f+2|+2|g+f—l|+2|9—f+1|‘|‘2+f|‘|29‘f|

|IV|

-2|g-f-1|-2[f+1+g|-4|f|)sin(@) + ({f+2g|-|f+2|-2|g+f-1]
+2|g—f+1|—|—2+f|—|29—f|—2|g—f—1|+2|f+1+g|+4|f|)cos((p))
I simplify(rhg %) — conver{lv2 ,abs))
L 0
[ Iv2 :=rhq %%)

This is not the same as in section 1 — how dissapointing. At least it does not contain those
| suspiciousn terms.

A = colleci simplify(lv2 - Iv),[ S T, sin, cos I ,factor)
1
A:%%gu2h+1+d—h+ﬂ—h+2d+4hbgmm

1

+§f(—4f+2|f+1+g|—|f+2|—|f+29|+4|f|)cos((p)%ﬁE

1 1 1

Zf(g—f+ 1)In(—g+f—1)+Zf(g+f—1)In(—g—f+ 1)—5—3f(29—f)ln(—2g+f)
1 1 1

—Zf(g—f—l) In(-g+f+ 1)+§f(—2+f) In(—2+f)—§f(—2+f)ln(2—f)
1 1 1

—Zf(g+f—1) In(g+f—1)+Zf(g—f—1)In(g—f—1)+§f(29—f) In(2g-f)

_if(g— f+1)In(g-f+ 1)%8"1(@%52

[ Thesinandcosparts are

Iv2_sin:= coeff(Iv2,sin(@))

v sini=_ i P (|1+20|+[r+2]+ 2l g -]+ 2] g +1|-[ -2 1 -| 201
-2|g-f-1|-2[f+1+g|-4]|f))
Iv2_cos:= coeff(lv2, coq @))
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v2_cos=_mf P ({1+29|-[f+2|- 2] g+ 1-1] + 2| g~ 11| -2+ 1] -| 201

-2|g-f-1]+2|f+1+g|+4]f])

ﬂ 3.3. Characterization of thesin and cosTerms.

<si S
As before, define the coefficients-of—m 2 gng > 224®)

G2 ::fn%ollec%8 Iv2_sin,[f, 9] %g, f%
| ne?
G2 = fn%ollem%8 IVZ_COS,[f, o] %g, f%
T ns

GZC( g, f)

as functions of) andf.

f(—|f+29|—|f+2|—2|g+f—1|+2|g—f+1|—|—2+f|—|29—f|—2|g—f—l|
+2|f+1+g|+4]f))

GZS(g, f)

f(|f+2g|+|f+2|+2|g+f-1|+2|g-f+1|-|-2+f|-|2g-f]-2|g-f-1]
-2|t+1+g|-4]f))

[ Forg=0these of course reduce to much simpler expressionscobterm becomes

G2,(0,f)

f(2|f[-|f+2|-|-2+f])

This is identical to eq. (11) in TM97-01. Fbx|f|this expression is identically zero. Téie
| term becomes

G2(0,1)

f(-a|f|+]f+2|+a]f-1|-|-2+f]-4|f+1])
[ Let's look at some plots.

Gplot := proc( F, vals::list, frange::range )
local p, k, Grange;
if nargs=3 then
Grange := args[3];
else
Grange :=-2.5..2.5;
fi;
p:=1[;
for k from 1 to nops(gvals) do
p := [ op(p), plot( F(vals[k],f), f=frange,

color=mycolors[(k-1 mod 15,12 og




thickness=2) |;
od;
plots[display](p,axes=normal);

{ view=[frange,Grange], numpoints=200,
end:

[ gvals:=[sed.1i,=0..10)]

[ Plot thecosterm only:

GpIot(GZC,gvaIs,—Z.S.. 2.5

2
These curves appear the same as those plotted in TM97-01. Hence, the mcnistion

| probably identical to th& function in Appendix A of TM97-01. Now plot thsen term only:
GpIot(GZS,gvals,—2.5.. 2.5
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I Oh my. The sin term appears to have problems.

| Animations for fun:

G2(0,1)

i -2

" plots[animate]( G2[c](abs(t-1),f), f=-2.5..2.5, t=0..2, frames=25,
color=blue, axes=normal, thickness=2,
labels=["f",""], title="cosine term" );
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cosine term
2,

plots[animate]( G2[s](abs(t-1),f), f=-2..2, t=0..2, frames=25,
color=blue, axes=normal, thickness=2,
view=[-2..2,-6..6],
labels=["f",""], title="sine term" );

sine term
6,
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